Background Plastic surgery of the breast, particularly breast reduction, is considered difficult. It can become a challenge for a less experienced surgeon to understand exactly what to do when facing a particular type of breast and how to avoid unsatisfactory results. Methods The goal of this study was to create a computer model of the breast that provides a basis for the simulation of breast surgery, particularly breast reduction. The reconstruction of elastic parameters is based on observations of the breast with the patient in different positions. Results It is shown that several measurements with the patient in different positions allow one to choose the parameters of the model and determine the elastic coefficients of the breast and the skin. The geometry of the breast before and after surgery is simulated. A qualitative study of the incision parameters' influence on the final geometry of the breast is presented. Conclusion The developed methodology and software allow one to estimate the form of the breast after the surgery by knowing its form before surgery and taking into consideration the parameters of incision applied by the surgeon at the time of surgery. The described approach can be used for the qualitative and quantitative study of breast reduction surgery with a satisfactory result. Level of Evidence V This journal requires that authors assign a level of evidence to each article. For a full description of these Evidence-Based Medicine ratings, please refer to the 
Introduction
Breast reduction is one of the most common procedures in breast surgery and has been gaining in importance, especially in women over 40 years of age [12, 13, 15, 20, 23] . Mastering the techniques takes time and it can become a challenge for a less experienced surgeon to understand exactly what to do when facing a particular type of breast. The aim of this work was to develop a computational model that allows one to predict the final breast geometry according to the incision marking parameters. This model can be used in surgery simulators that provide preoperative planning and training.
Although the number of studies on breast soft tissue modeling has increased significantly during the last few years [7, 17, 24] , the development of an adequate breast model continues to be a problem. The main areas where breast modeling is applicable are aesthetic surgery [2, 4, 6, 18, 21, 22] and medical imaging analysis [3] .
The breast reduction surgery simulator described in this article is based on a numerical solution of what we call a general problem of plastic surgery. From the mathematical point of view, this is a problem of calculus of variations with unusual boundary conditions known as knitting conditions. The breast tissue is considered a hyperelastic material, i.e., a material satisfying the standard thermodynamic axiom of non-negative work in closed processes [11] . Although most soft tissues are incompressible [9] , we consider the breast a compressible neo-Hookean material [27] . The complex structure of the breast involves several tissues that form it. Its elastic properties cannot be readily deduced from the elastic properties of the tissues that form it. The compressibility of the breast is an experimental fact. Indeed, breast reduction surgery in which only part of the skin is removed from the breast (breast lift) diminishes the breast volume without removing any part of its internal tissue. The skin has elastic properties that are very different from those of the breast gland and fat tissue, and therefore, must be modeled differently [19] . The breast tissue is modeled using three-dimensional finite elements and the skin is modeled using two-dimensional finite elements [26] . Our computational simulations show that the skin's elasticity properties significantly influence the form of the breast before and after surgery. The skin's function is to contain the jelly-like breast tissue. Its modeling is very important to the understanding and predicting of the results of breast reduction.
A realistic breast model is impossible without the so-called Chassaignac space [5] . This tissue plays a special role in breast mobility and is responsible for the connection between the breast and the chest (Fig. 1) . Here we present a breast model involving the Chassaignac space, the latter is modeled as a mass-spring system [16] .
There are many studies dedicated to the problem of elastic parameters determination [1, 8] . In this work, the elastic parameters are determined by observing breast geometry. This methodology is new and is based on the fact that when the patient changes her position (upright, prone, on the back, etc.), the breast geometry also changes and these transformations depend on the elastic properties of the breast. The necessary measurements do not require special equipment and can be fulfilled in a usual consulting room. The software developed for breast reduction modeling allows one to predict the final breast geometry according to the incision marking parameters. The comparison of our simulations with a real case gives satisfactory results.
Methods
In this section we describe the methodology, the necessary measurements, and the software developed to predict the breast form after surgery.
Mathematical Formulation of the Problem
To make the articled self-contained, we include a short description of the mathematical model used in our simulations. This part is directed at specialists in numerical modeling of soft tissues. We give a rigorous formulation of the problems numerically solved by our software to predict the results of plastic surgery. The reader who is not interested in the theoretical basis of our study can skip this section and go directly to the practical part without loss of continuity.
The boundary C of the elastic body B is represented as
This means that we consider the boundary of the elastic body as being formed by a fixed part C 1 , a free part C 2 , a part C 3 where two of the incised tissues are sutured to each other, and another part where the incised tissues are sutured to a fixed surface C 4 . Let f be the deformation of the body and let W be the strain-energy density [11] . Consider the following variational problem:
with the boundary conditions: where g : C þ ! C À is a map. It can be fixed or variable and describes the suturing. We call problem (1)- (4) a general plastic surgery problem.
As we have mentioned before, in the plastic surgery problem we consider a neo-Hookean compressible [27] material. This means that the strain-energy density function is given by
where F = rf is the Jacobi matrix of f. The parameters k and l are different for the skin and the interior tissue. This problem has already been studied [6, 21, 22] . In previous works the finite element method equations are deduced for this problem and the problem is placed among other elasticity theory problems.
To model the Chassaignac space, we consider a massspring system situated at the breast base. From the mathematical point of view, this means that we add the functional Z
to functional (1) . Here, c(p) is a given function.
Computational Aspects
We use the finite element method [26] to obtain a reliable computational model of the breast. The breast tissue is modeled using three-dimensional finite elements and the skin is modeled using two-dimensional finite elements. The Chassaignac space is modeled by a mass-spring system. We assume that there is a ''neutral state'' of the breast, i.e., a state of the breast in which all forces (elastic and mass) are zero. Although the existence of this state is a very strong and unrealistic hypothesis, its assumption is absolutely necessary for the modeling.
The modeling of breast reduction surgery includes the following main steps: (1) determination of the elastic parameters k and l in (5) and of the original breast's neutral state, (2) incision of the tissue to be removed, (3) tissue suturing, and (4) determination of the breast's final neutral state. The first step is described in the next section. The second one is a simple geometric construction applied to the breast in the neutral state. To fulfill step 3, the most complicated step, we numerically solve variational problem (1)-(4). Finally, to get the breast's final neutral state we set all stresses equal to zero. This last step can be considered as breast recovery modeling.
To obtain the prediction of surgery for states other than the neutral one, e.g., when the patient is standing up, we have to apply mass forces to the previously obtained neutral state and solve problems (1) (5)) depends on a vector of parameters y = (k, l). Therefore, the deformation f also depends on y. We calculate a finite number of observable geometric characteristics G(f(p,y)) obtained as a result of the deformation f(p,y), e.g., G = (y min , z min ) (Fig. 2) . Let Ĝ be the result of the observation. To reconstruct the corresponding vector of parameters, yˆ, our software solves the minimization problem min yĜ À Gðf ðp; yÞÞ Using this methodology we determine the parameters k and l in (5) and obtain the preoperative breast model (Fig. 3) .
Software
The application developed to model breast reduction surgery and used in our simulations runs under the Windows operating system and contains three blocks: Parameter Finder, Breast, and Viewer. The respective interfaces are shown in Figs. 4, 5, 6 .
The user enters the data collected from observation of the breast, including perimeter of the base; height; extreme values of y and z when the patient is standing, lying supine, and kneeling on fours; and initial guesses for the elastic parameters of the breast and the skin and for tissue density. The program finds the parameters that provide a good fit between measured and simulated data. The obtained elastic parameters and the density are used as data for the Breast program, modeling a breast reduction surgery. The user can choose the incision parameters a, s, h, and d, described below. As a result, the program generates files containing computational models of preoperative and postoperative breasts when the patient is in a position defined by the angle between the chest and the vertical. The Viewer allows one to observe the preoperative and postoperative breasts from different angles. Parameter Finder and Breast interfaces have textboxes allowing the user to follow the computation processes.
Results
Now we describe the main results obtained using our computer simulator.
The Influence of Incisions on Final Breast Geometry
Based on the incisional marking [25] (Fig. 7) , we consider the breast a symmetric body. The plane of symmetry is orthogonal to the chest and passes through the nipple dividing the breast into two equal parts. It is assumed that in the neutral state the breast is a spherical cap with a base radius R and height H (Fig. 8) . These parameters are also determined from the observations described above.
Due to the symmetry of the model, we consider only half of the breast to simulate the reduction surgery. Moreover, we do not take into account the type of nipple pedicle. Note that the pedicle type influences only the volume of the tissue removed from one or another part of the breast and it is not important for the modeling considered here. The suspensory ligament is not modeled either because it does not play a relevant role in the shape and geometry of the breast. In fact, in cases of moderate to severe mammary hypertrophy, the suspensory ligament has a limited function due to its great laxity.
The surgical scheme is shown in Fig. 8 . The breast is incised by the planes ABD and BCD. The point A represents a new position for the nipple. The point C belongs to the breast base and D is a point on the breast surface. The curvilinear triangle BCD is then sutured to the ''chest,'' the plane 0xz, and the curvilinear triangle ABD is sutured to the plane 0yz, which plays the role of the symmetric part of the breast. To describe the cutting planes ABD and BCD, we use the angle a between the planes ABD and 0yz (Figs. 8 and 9 ), the distance s between point A and the plane 0xy, the distance d between point C and the plane 0xy, and the distance h between point D and the base of the breast. It takes several measurements, with the patient in different positions, to choose the parameters of the model and to determine the elastic coefficients of the breast and of the skin according to the methodology described in the previous section.
We have simulated the geometry of breast before surgery (Fig. 3) . Then, applying different types of incisions, changing the parameters h and a (Figs. 8, 9 ), we obtained distinct final geometries (Fig. 10) . The result of the surgery is a solution to the variation problem (1)-(4), where B = B(a,h) is the incised breast determined by the parameters a and h. A comparison of the computer simulation of breast reduction with real surgery is shown in Fig. 11 . 
Discussion
The computer simulation based on biomechanical models allows one to understand many phenomena and to find a solution for the many problems that arise when errors are admitted during the planning for surgery. We did not discuss any special breast reduction technique, but we did study the possibility of modeling any plastic surgery involving a large amount of soft tissue using a computer. The chosen surgery is used as an example.
Nipple Position
From Fig. 10 we can see how the position of the nipple depends on the choice of parameters a and h defined by the preoperative markings. The height of the nipple on the preoperative breast is the same in all six cases; however, the resulting positions of the nipple when the patient is in the standing position are rather different. From our simulations it becomes clear that the error in the choice of parameter h causes a high final position of the nipple. This frequently occurs when inferior pedicle reduction mammaplasty is performed [10] . To avoid this error it is necessary to remove much tissue from the lower pole of the breast in the case of a superior pedicle. In the case of an inferior pedicle, it is recommended that the new nipple position be lower than in the case of a superior pedicle. The mark point of the new nipple position is usually the result of the projection of an inframammary fold point onto the Fig. 8 Neutral state of the breast and tissue incision scheme depending on the parameters a, s, h, and d Fig. 9 Angle a and the point D midclavicular line. Anthropomorphic studies show that the ideal distance between the nipple and the sternal notch is 21-21.5 cm, the distance between the nipple and the base is 6 cm (e.g., see [14] ).
On the other hand, we see that an insufficient angle a causes excessive tissue in the lower pole of the breast causing it to look ''flat.''
The Role of the Chassaignac Space As we mentioned in the Introduction, the breast has a complex structure involving several tissues. After a series of computational experiments, we came to the conclusion that no realistic breast model is possible without the Chassaignac space, which plays a special role in breast mobility and is responsible for the connection between the breast and the chest. The mobility of the breast base is an experimental fact. For example, we drew the breast's base on the patient's skin. Then we measured the length of this line when the patient was standing and when the patient was supine. The difference between the two measurements was about 20-30 %. However, the breast cannot arbitrarily move along the body because it is fixed in its lower part, known as the inframammary fold, and by the suspensory ligament in the upper pole. All these tissues should be included in a realistic breast model. We model the Chassaignac space as a mass-spring system. The influence of the Chassaignac space can be seen from the following computational experiment. For the patient in Fig. 12 , the angle between the chest and the vertical is about 40°. We can see that the breast has a concave curve in its upper part. This concavity exists because of the Chassaignac space. Indeed, if we increase the stiffness of the springs involved in the modeling of the Chassaignac space, we will get a breast geometry closer to that corresponding to a breast with a fixed base. The breast geometry as a function of spring stiffness that is involved in the Chassaignac space model can be seen in Fig. 13 . The stiffness of the springs gradually increases. Figure 13a corresponds to a low stiffness and Fig. 13d corresponds to an almost fixed base. The concavity is seen in the first case and disappears in the Fig. 11 Comparison of the computer simulation with the final breast form after surgery Fig. 12 The concave curve of a breast Fig. 13 The breast geometries corresponding to increasing stiffness of the springs involved in the Chassaignac space model second one. This shows the importance of the Chassaignac space in breast geometry modeling.
Conclusions
Breast reduction is a complex surgical area and an inexperienced surgeon faces serious difficulties in estimating and analyzing the surgical results. The application of computer models based on biomechanical engineering allows simulation of breast reduction with reliable end results. This article presents a method for modeling the techniques of breast reduction. The developed software allows one to estimate the form of the breast after surgery knowing its form before and taking into consideration the parameters of the incision used by the surgeon. We present an example showing how varying the incision parameters can influence the final breast geometry. The images show that the developed methodology can be used for qualitative and quantitative studies of breast reduction surgery with satisfactory results.
For now we have modeled the breast as if the skin is ''glued'' to the interior body of the breast. In future work we plan to consider more involved breast models that have more realistic geometry and also include the suspensory and Cooper's ligaments.
Our final goal is to offer freeware with a user-friendly interface that can be used in a typical consulting room or a classroom without any special equipment. From the user's point of view, breast modeling will mean the entry of a set of simple parameters to characterize the initial shape of the breast and a set of incision marking parameters. The software will perform the simulation without any user interaction and will propose several visualization options to plot the final results such as the postoperative shape of the breast.
